• Conventional indirect dilution methods can measure blood flow only when either the flow or the concentration of the indicator in the stream remains constant during the period of measurement. 1 Flow anywhere in the vascular system is rarely constant under physiological conditions because of cardiac pulsations, respiratory variations in flow, and other nonsteady state conditions. When the direct oxygen Fick method is used to measure cardiac output, it is essential that the a-v oxygen difference is constant. However, Wood et al. 2 and Enson and Cournand 3 have shown that there are significant variations in the a-v oxygen difference even at rest. Visscher and Johnson 1 pointed out that the use of time averages of the a-v oxygen difference could lead to errors in calculations of mean flows. Their analysis was extended by Stow 4 and Wood et al. 2 Guyton 5 developed a cardiac output computer which overcame many of the problems which arose from the use of time averages of a-v oxygen differences. However, catheter sampling may damp rapid changes in a-v oxygen differences, e.g., 80% damping of fluctuations in a-v difference due to normal respiration. 2 With the exception of Guyton's approach 5 we know of no attempt to measure variable pulsatile flow by indicator dilution techniques. This investigation suggests from theory and experiments in models that under the right conditions a modified method of calculation From the Department of Biophysics, University of Western Ontario, Medical School, London, Ontario, Canada.
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Accepted for publication June 22, 1965. may reduce the error which results from the use of time averages of indicator concentrations when flow is not constant. The assumptions underlying our formulation and the extent to which they could be satisfied experimentally were tested in models rather than animals. Only in models can careful comparisons be made between real and calculated flows. In the past, new indirect measurements were frequently tested against other indirect methods, particularly the direct oxygen Fick method. Since the Fick method is subject to some of the same sources of errors as other dilution methods, good agreement between results does not assure accuracy.
Another aim of the work was to explore the possibility of estimating, by dilution techniques, instantaneous flow and its fluctuations in a pulsatile flow cycle. The use of cathetermounted thermistors made this possible, provided that certain requirements of mixing and sampling were met. The use of catheter-mounted thermistors also eliminated the errors introduced by sampling through catheters.
The difficulties which arise from including the pulsatile nature of flow in a distensible system in calculations of flow by the dilution principle have been stressed repeatedly. 6 ' 7 Sherman 6 summarized these limitations as follows: "If one deals with flow which varies over a time-interval having the same order of duration as the transport system, then care must be taken in interpreting the flow measured by indicator-dilution techniques."
Because of these difficulties we felt justified in measuring pulsatile flow by a modified dilution technique which had a sound theoretical foundation. The results of the model experiments showed that the necessary assumptions could be satisfied and that the residua of other errors which may occur in indicator dilution measurements were small.
Theory I. DERIVATION OF VARIABLE AND CONSTANT FLOW EQUATIONS
Let us assume that the indicator which is infused into a stream of fluid or blood, mixes instantaneously and homogeneously over the whole cross-sectional area of the conduit through which the fluid flows. Under these conditions the flow, V t , at any instant would be given by V, = th/C t (1) where m is the infusion rate of indicator at that instant and C t is the concentration of the indicator in the stream in the plane of the injection site. Though instantaneous mixing in a plane cannot be achieved in practice, the conditions of injection may be made to give adequate mixing at a relatively short distance downstream from the injection site. However, any distance between injection and sampling site introduces a new source of error, which we shall call the distance-distortion error. The question to be settled, by experiments on the model, is whether sufficiently adequate mixing can be achieved at a sampling site, which is still close enough to the injection site for the distance-distortion to be small. Let us proceed with the theory on the assumption that such conditions can be achieved.
Integration of equation 1 over an arbitrary time interval (t x to t 2 ) will give the cumulative flow in this interval under two conditions: a. When the infusion rate of indicator, th, is constant, even if the flow rates change, b. When the flow rate, V, is constant, even when the injection rate of indicator and the concentration at the sampling sites are variable.
C a s e ( a )
The cumulative flow volume, V, during a time interval from t x to t 2 during constant indicator infusion, th, is given by t )dt (2) The mean flow rate, V\ during the same time interval is expressed as follows: = m (1/C) (3) where (1/C) is the time average of the reciprocal of the concentration at the sampling site. We shall call equation 3 the Variable Flow Equation. It may be seen from equation 1 that the reciprocal of concentration, obtained very close to the in-Circulaiion Research, Vol. XV111, January 1966 jection site, will give flow-time records of rapid changes in flow, e.g., in a single cycle of pulsatile flow. The mean value of the reciprocal is proportional to mean flow. The constant of proportionality is the constant rate of indicator infusion. The Variable Flow Equation may be used to measure mean flow rates of all patterns of flow provided that the changes in indicator concentration, produced by changes in flow, are detected without delay at the sampling site; otherwise distance-distortion errors will result.
Case (b)
Equation 1 may be rearranged:
When flow, V, is constant during an interval (t 2 -fi) integration of equation 4 gives us a value for the constant flow rate:
This can be expressed in terms of mean values:
We shall call equation 6 the Constant Flow Equation. Equation 6 will give a measure of the constant flow rate regardless of the mode of indicator administration. When the total amount of administered indicator is represented by m, equation 5 becomes V = m/C (* 2 -*i) (7) This is the familiar Stewart-Hamilton equation for bolus injection of indicator. It can be seen that the time average of sample concentration can be used only when flow is constant. However, when the sample concentration varies during a continuous infusion of indicator because of variations in flow it does not seem justified to use time averages in the calculation of mean flow rates. We shall demonstrate later how large an error will result when time averages of sample concentrations are used to calculate mean values of variable flow.
When the infusion of indicator and its concentration at the sampling site are constant, the flow rate, V, may be expressed as follows: V = m/C (8) There are two cases which will lead to a constant concentration at the sampling site with a constant rate of indicator infusion:
1. When the rate of flow is constant, the concentration at any sampling site downstream will be constant.
2. When flow is pulsatile, but of constant stroke volume and rate, the concentration distal
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to an effective mixing region will be constant. Such a mixing region might be the lung, a cardiac chamber or an aneurysmal dilatation, such as we used in our experimental model. The mixing region acts like a low pass filter. It attenuates the high frequency oscillations in the concentrationtime curve produced by the heart or pump without attenuating significantly those oscillations produced by gradual changes in flow. The use of such a mixing region precludes, of course, the possibility of obtaining information as to the instantaneous flow by the indicator dilution method.
Mean flow rates of pulsatile flow with variable stroke volume and/or rate can also be measured distal to a mixing region. Under such conditions the beat-to-beat oscillations are removed, but the reciprocal of concentration still changes as flow changes gradually. The mean flow over any interval would again be proportional to the mean value of the reciprocal. It should be noted that the error introduced by sampling downstream from the plane of the injection site (distancedistortion) affects the measurements of both instantaneous flow (made very close to the injection site) and gradual changes in flow (made distal to a mixing region). The error will be small as long as the concentration recorded at the sampling site represents the flow rate at that time without significant delay. This requirement will be fulfilled when the following ratio is small; the ratio can be expressed in two ways: 1. mean transit time of indicator or flow (from injection to sampling site) to duration of the period in the indicator dilution curve (representative of the changes in flow); 2. distance between injection and sampling site to mean distance the fluid or indicator has travelled during one flow cycle (wavelength).
II. THEORY OF THE METHOD OF RAPID OR BOLUS-INJECTION
In this method, the injection is made during a short period in an approximately square-wave form. At the sampling site the concentration, after a time delay which represents the minimum transit time, rises rapidly to a maximum and then falls in an exponential manner, provided an effective mixing region lies between injection and sampling sites. The exponential fall may be extrapolated beyond the point at which it is interrupted by recirculation. The theory of this dilution curve, for the case of constant flow, has been analysed very extensively in terms of transfer functions, 0 random walk phenomena, 8 and the frequency distribution of transit times. 9 Our present understanding of the problem was thoroughly reviewed recently by Zierler. 7 Again the conventional theory is invalid if the blood flow varies significantly during the inscription of this curve. It is usually assumed that the area under the curve of sampled concentration vs. time, multiplied by the total flow during the period of injection, must equal the known total quantity of indicator, m, injected; i.e., it is assumed that:
However, if the flow is not constant over the period of inscription of the dilution curves, this is not true. What would be required is the area under a curve of sampled concentration vs. the total flow past the sampling site during this period, i.e.,
If the flow, V is variable, the area under the conventional dilution curve and given by equation 9 will be wrong. It is fortunate that the wash-out curve recorded distal to an effective mixing region is essentially exponential for steady and pulsatile flow, provided the stroke volume and rate of pulsatile flow remain unchanged. This has been shown to be true for pulsatile flow in models 10 and in heart-lung preparations. 11 Therefore the Stewart-Hamilton equation (equation 7 or 9) can give satisfactory mean flow measurements under appropriate conditions for both types of flow. The mixing region attenuates in this case the beat-to-beat oscillations of pulsatile flow. When there is no mixing region but an equivalent linear distance between injection and sampling sites we cannot expect such a smooth exponential wash-out. Under such conditions the recorded concentration-time curve is markedly affected by the pulsatile nature of the flow. Our experiments with the bolus injection method during pulsatile flow were therefore restricted to demonstrate firstly the reliability of mean flow measurements by thermal indicators distal to a mixing region, where the requirement of an exponential wash-out was satisfied, and secondly the lack of accuracy when no such region lay between injection and sampling sites. The bolus-injection method was also used to measure constant flow in a series of experiments designed to assess the magnitude of other sources of errors in the thermal dilution method, such as indicator loss and the calculation of the exact amount of indicator delivered.
It is clear that the use of the reciprocal of the concentration offers no improvement in measurements of variable flow rates by bolus injections. The change in the sampled concentration has no direct relation to changes in flow. When flow is pulsatile, but of constant stroke volume and rate, deviations of the sample concentration with each stroke from a smooth exponential decay are small, Circulation Research, Vol. XV1I1, January 1966 and the period of each stroke is only a small fraction of the total duration of the dilution curve. The error which would result from using the Constant Flow Equation in the presence of such oscillations would, therefore, be very small and would be difficult to detect experimentally.
III. THEORY OF THE AMOUNT AND DIRECTION OF THE WRONG-MEAN ERROR
When flow is variable, when indicator infusion is constant, and when the distance-distortion error is minimized, then the error in the calculated flow, due to using the time average of the mean sampled concentration instead of the time average of its reciprocal, will depend on the amplitude of fluctuation of the sampled concentration and also on the waveform of this fluctuation.
Take the simplest case illustrated in figure 1 , where the fluctuation in concentrations is taken as a square wave variation between two values, C x and C-2, each occupying half of the cycle; it is obvious that there is a very large difference between the two means (1/C vs. 1/C). We calculated the two means for three assumed contours of fluctuation of sample concentration by mathematical integration, and for one other curve, more resembling the physiological variation, by graphical integration of areas under curves. The hypothetical curves were considered to represent the (b) The underestimate increases with the amplitude of fluctuation, and amounts (for the type of square-wave fluctuation shown in fig. 2 ) to 25% when the ratio of amplitude to mean concentration is unity.
(c) For the same amplitude of fluctuation, the underestimate depends upon the waveform of the concentration-time curve. Those contours in which the low concentrations (corresponding to high blood flow) occupy the larger part of a cycle of fluctuation give rise to the greater errors.
Theory, therefore, suggests that when the flow is varying and the sample concentration fluctuates with significant amplitude, the error which results from using the conventional Constant Flow Equation may be considerable and gives always an underestimate of flow. This error can be removed by using the Variable Flow Equation, except in the case, as in bolus-injection of indicator, where the fluctuation of sampled concentration is from causes other than a corresponding fluctuation in blood flow, i.e., flow and concentration are not correlated.
IV. THEORY OF THE DISTANCE-DISTORTION ERROR
At a sampling site close to the injection site, provided that adequate mixing has been achieved, Graph showing the hyperbolic relationship between concentration and its reciprocal. Note that the value of (K/C) is higher than the value of (K/C). the fluctuation of sampled concentration accurately reflects changes in flow. If the sampling site is moved some distance downstream from the injection site, which may be necessary to ensure good mixing, the fluctuation of sampled concentration will no longer correspond accurately to changes in flow. Not only will there be a phase difference, but the contour of the concentrationtime curve will be distorted. The theoretical basis for this distortion is given in the Appendix. The reason for the distance-distortion is that at a sampling site some distance down the tube, the detector may be exposed to low concentration (generated in systole) for a much longer time than the actual duration of systole. This is so because the segment of low concentration may move past the sampling site at low diastolic velocities. As a result, the detector at the distant site may report a low concentration for too long a time and a high concentration for too short a time. This results in an overestimate of the total flow. Measurements by Constant and Variable Flow Equations are both affected by this error.
In the theory (Appendix) and in the model experiments, the distance from injection to sampling site is expressed as a fraction of the wavelength. This is the mean distance travelled by fluid or indicator down the tube in a complete flow cycle. Thus wavelength for the cardiac or pump pulsation will be given by:
wavelength in cm = stroke volume (cm 3 ) cross-sectional area of tube (cm-)
In the adult human being having a stroke volume of 80 cm 3 and an aorta of cross-sectional area of 4 cm 2 , the wavelength would be 20 cm.
For slower cyclic variations, as in respiratory fluctuations, the relevant wavelength is correspondingly longer. Therefore, for slower fluctuations, there may be a greater distance between injection and sampling sites before the distancedistortion error becomes significant. For example, in the case of changes in flow with respiration the equivalent wavelength would be the mean distance travelled by the blood in one respiratory cycle. Taking a respiratory rate of 15/min and a cardiac rate of 60/min, this wavelength would be four times longer than that of a cardiac fluctuation. Thus, for the calculation of flow by the Variable Flow Equation, the sampling site could be removed four times as far from the injection site, allowing for better mixing without increasing the distance-distortion error. The theory shows that the total flow in a cycle will be more and more overestimated by the Variable Flow Equation as a sampling distance of half a wavelength to three quarters of a wavelength is reached. At greater distances, the overestimate diminishes again until at one wavelength the error is once more zero. The instantaneous flow-time profiles, estimated by the Variable Flow Equation, are similarly maximally distorted at about half to three quarters of a wavelength, but are again without distortion at one wavelength. The predictions of the theory have been verified in the experimental results to be reported.
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MEASUREMENTS OF VARIABLE FLOW
V. OTHER SOURCES OF ERROR IN THE CONTINUOUS INFUSION METHOD
Mixing close to the injection site is difficult to achieve, but necessary if instantaneous changes in flow are to be made. The loss of indicator between injection and sampling sites could become also a source of error, particularly when thermal indicators are used. In addition, unless precautions are taken, there may be an error in the determination of the amount of thermal indicator injected. 5. Precise definition of sufficiently close in 3(a) may be made in terms of an equivalent wavelength of the fluctuation of sample concentration and thus flow, i.e., the mean distance travelled by an element of fluid or blood down the vessel during one cycle of the fluctuation. If the distance from injection to sampling site is less than one-tenth of a wavelength, the distancedistortion error will be less than ten per cent.
VI. SUMMARY OF PREDICTIONS OF THEORY
6. Direction of errors. Table 1 indicates the direction of the errors predicted by theory when the Constant Flow or the Variable Flow Equations are used. Uncertainty arises as to the total error in certain cases where both the wrong-mean error (underestimate of flow) and the distancedistortion error (overestimate) co-exist.
Methods (a) APPARATUS
Water was pumped through the model ( fig. 3 ) by a reciprocating piston pump (Duro no. 365, Pumps and Softeners Ltd., London, Ontario, Canada) modified to our specifications. The pump could deliver five different stroke volumes (15, 25, 45, 75, 100 ml) at two different rates (60 and 98 strokes/min) into a system of rubber and Tygon tubing. The resistance to outflow and the amount of air in a bottle connected to the system determined the degree of pulsatility in the tube. Measurements of flow were made in a segment of straight 1 or 2 cm I.D. Tygon tubing. The tubing was protected from air currents by a plastic box. Catheters could be inserted through side arms at each end of the tube for the measurement of pressure and for injection and sampling of indicators. Downstream from the straight tube was an orifice flowmeter which provided independent measurements of instantaneous flow. The response of the flowmeter to rapid changes in flow was shown to be adequate (maximum lag approximately 25 msec). The outflow from this model 
Direction of Errors* Expected from Use of Constant Flow Equation (indicated by 6) and Variable Flow Equation (indicated by 3)
Sampling distance entered a 20-liter reservoir which in turn fed the inlet of the piston pump. The outflow could be diverted during the inscription of a dilution-time curve to avoid recirculation of indicator. To assess the effect of a mixing region between injection and sampling sites on the estimate of flow by various methods, we placed in series a chamber having five times the cross-sectional area of the tube, and a volume approximately twice the stroke volume of the pump. Such a chamber was sufficient to attenuate greatly any cyclic oscillations in indicator concentration due to pulsatile flow. The output of the pump was measured by collecting the outflow in graduate cylinders for measured periods of time. The output of the pump was not affected by the injection of indicator.
For injections at a constant rate we used either a motor-driven syringe (Harvard Instrument Company, Dover, Massachusetts, pump no. 600 to 915 with infusion rate of 48 or 120 ml/min, accurate to 0.5%), or a pneumatically-driven injection chamber designed and built by us. The rate of infusion produced by the pneumatic injector varied between 150 and 500 ml/min (accurate to 2%). The whole injection chamber or the infusion syringe was immersed in icewater to cool the indicator before it was infused into the flowing stream. The indicator was injected through a polyethylene catheter (PE260) with a brass tip. The tip was curved at its end and had eight radially oriented holes in its straight part (diameter of each hole 0.15 to 0.20 mm). The curved tip was meant to prevent direct contact of the exit holes with the wall of the tubing, but this still occurred occasionally. When the pneumatic injector was used, the delivered volume was corrected for the effective driving pressure (pressure inside injection catheter-pressure in tube). When the motor-driven syringe delivered the injectate, we used either an open-end catheter for the infusion of indicator or a PE260 catheter with a six-hole curved, brass catheter tip, each hole having a diameter of 0.33 mm. This catheter tip offered less resistance than the one described above. Bolus injections were also delivered through the six-hole catheter just described by a spring-loaded syringe adjusted to deliver constant volumes.
The reciprocal of the temperature-time curve at the sampling site was obtained by feeding the temperature-time signal into an analog computer (Electronic Associates Inc., Long Branch, New Jersey) the output of which was proportional to the reciprocal of the input. The computer gave a constant value for the reciprocal when the input signal was less than 5% of the maximum permissable input. The accuracy of the computation was ±5% for low inputs and ±2% for high input levels.
Catheter-mounted thermistors were used for all temperature measurements (number 520, Yellow Springs Instrument Company Inc., Yellow Springs, Ohio). The sampling catheters were reinforced by polyethylene tubing (PE190 or 205). The combined time-constants of thermistors and recorder (63% response) were determined by dipping the thermistors from air into a well-stirred water bath. Time-constants varied from 0.08 to 0.1 sec. The calibration of the thermistors was linear over a temperature range of 15°C. The temperature records obtained by these thermistors and the bridges we used were not significantly affected by changes of flow past them.
The temperature of the fluid in the model was kept as close to room temperature as possible to minimize the temperature gradient across the tube wall. The injectate was cooled to 10 to 15°C below the temperature of the circulating water in the model.
The temperature-time curves of the injectate and of the fluid stream at the sampling site, the output of the analog computer, the record of flow obtained by the orifice flowmeter, and the pressure swings were recorded continuously on a Grass polygraph. Mean values of the temperaturetime curves and their reciprocals were obtained by electronic damping of the recording circuits or by electronic integration.
(b) ADAPTATION OF CONSTANT AND VARIABLE FLOW EQUATIONS TO THERMAL INDICATORS
We used cold tap water as the indicator and tap water at room temperature as the fluid in the model. Therefore no corrections were necessary in the equations for differences in specific gravity or specific heat. Under these conditions the Constant Flow Equation can be used in the following form:
to a mixing region, the Stewart-Hamilton equation was used:
where ty = flow rate per min in ml, Vj = infusion rate per min in ml, AT 4 = temperature difference in °C between water in tube prior to infusion and the injectate during the injection period, AJ 1 = mean temperature change in °C at the sampling site. where V = flow rate per min in ml, »n = total amount of thermal indicator delivered, Integral = area under thermal dilution curve, adjusted for sensitivity of detector and paper speed. The value for m was corrected for losses of thermal indicator from the catheter as shown in the next section.
Results
(o) QUANTITATION OF DELIVERED AMOUNT OF THERMAL INDICATOR
It is frequently difficult to determine the exact amount of thermal indicator administered. The warming of the infusate in the catheter during continuous infusion depended on the infusion rate and flow rate in the conduit (table 2) . It can be seen that the warming of the injectate inside the injection catheter becomes more marked when the injection rate decreases and/or the flow rate in the tube increases.
When the thermal indicator is injected through a catheter inserted against the direction of flow, one can account for any thermal exchange between the catheter and the fluid flowing past it by measuring the temperature of the injectate inside the injection catheter at a distance proximal to the exit holes equal to the distance which the sampling probe lies downstream from the injection site. Under such conditions any loss of "cold" distal to the point at which the thermistor lies inside the injection catheter will not subtract from the measured injectate temperature. At the same time the indicator loss from the catheter will contribute to the temperature-time curve recorded at the sampling site. Thus, during continuous infusions, the plateau of the injectate temperature and the volume rate of infusion provide accurate values for the rate of indicator administration.
When bolus injections are used the very first indicator which passes the internally mounted thermistor is not quite as cold as the last. In addition, the catheter is filled at the end of the injection with cold indicator. Since "cold" diffuses gradually from the catheter into the flowing stream the total amount of added thermal indicator, m, is
where (AT { ) is the mean temperature change of the injected cold indicator, ATi(max) the maximum temperature change of injectate at the end of the injection, ATn, vsM , the temperature change at the instant the remaining indicator was withdrawn from the catheter and V,. n ti, the volume of the injection catheter between the site of the internally mounted thermistor and the exit holes (cross-sectional area X distance). When we inserted the injection catheter in the direction of flow, we positioned the thermistor in the injection catheter at the point where the catheter entered the stream. Under such conditions any loss of "cold" can be accounted for in a similar manner.
(b) LOSS OF THERMAL INDICATOR FROM CONDUIT BETWEEN INJECTION AND SAMPLING SITES
We satisfied ourselves that no significant loss of thermal indicator occurred under the conditions of our experiments by comparing measurements of constant flow by the bolusinjection method in 1 cm I.D. tubing when surrounded by air (20 measurements) and then water (20 measurements). The injection and sampling sites were separated by 20 cm. The estimates of the collected flow were accurate in air (r = 0.996 ± 0.0173 SE) and water (r = 0.995 ±0.020 SE), and the mean difference between collected and calculated flows was essentially the same in each group (P > 0.80).
(c) EFFICIENCY OF MIXING
Adequacy of mixing was determined in a pulsatile stream by sampling the temperaturetime curves during a constant rate of indicator infusion at several points across the stream. The sampling thermistor was moved by rotating the catheter at its point of insertion into the tube. Whether a new position had been assumed could be seen through the transparent tube. When the temperature-time record was similar at several sampling points, this was considered proof of adequate mixing. If, however, different mean concentrations and different profiles of temperature-time curves were recorded, mixing was considered to be inadequate. Good mixing was achieved within 3 cm of the injection site in 1 cm I.D. tubing when we injected the indicator at a high rate (pneumatic injector, exit velocity of indicator of 400 to 1000 cm/sec, kinetic energy 30,000 to 450,000 g • cirr'/sec 2 ). In 2 cm I.D. tubing we were not able to achieve good mixing, even within 5 cm of the injection site, despite higher injection rates than those described above. This is shown in figure 4 . When a mixing region was added between the injection and sampling sites, mixing was good and oscillations of the temperature-time curves due to pulsatility of flow were attenuated.
(dl MEASUREMENTS OF PULSATILE MEAN FLOW CLOSE TO INJECTION SITE BY CONTINUOUS INFUSION OF THERMAL INDICATOR
Ninety-four measurements of pulsatile flow were made within 3 cm of the injection site. This corresponded to a distance of 0.1 to 0. 
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FIGURE 4
Mixing o/ thermal indicator in 2 cm J.D. tube when flow (7200 ml/min) was pulsatile. Injection rate, 414 ml/min. Note that in tliis large tube, mixing could not be achieved within 5 cm of the injection site, even when high infusion rates were used. This is suggested by variations in the temperature-time curve when sampling thermistor was moved (at arrows) to different points in the tube. Introduction of a mixing region attenuated the oscillations markedly and assured good mixing. approximately 5.0% at amplitudes of oscillations equal to the mean value of the record and 7.7% at an amplitude 1.5 times the mean value.
(e) MEASUREMENTS OF PULSATILE MEAN FLOW DISTAL TO A MIXING REGION BY CONTINUOUS INFUSION OF THERMAL INDICATOR
When a mixing region lies between the injection and sampling sites, the marked oscillations in indicator concentration, so obvious at a sampling site close to the injection site, were greatly attenuated. The presence of a mixing region also permitted the use of a simple endhole injection catheter through which the thermal indicator was infused with a motor-driven syringe at a rate of 48 or 120 ml/min. We calculated the flow rates per minute from the mean of the reciprocal of the temperature-time records in 27 experiments at three different flow rates in 2 cm l.D. tubing (flow rates 2,890, 3,960 or 7,280 ml/min). The correlation coefficient between calculated and collected flows was 0.998 ± 0.01 SE. The standard error of the estimate was ±115.4 ml/min. Because of the markedly attenuated oscillations in the temperature-time records and the absence of changes in the mean flow from 
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Type of pulsation
Relation between the fraction of true flow (calculated by Variable Flow Equation) given by the Constant Flow Equation and the amplitude of oscillation in the temperature-time record.
Note increasing underestimate of true flow with increasing amplitude of oscillations.
stroke to stroke in these model experiments, no significant error would have been introduced if the Constant Flow Equation had been used to calculate flow.
(f) MEASUREMENTS OF PULSATILE MEAN FLOW BY BOLUS INJECTION OF THERMAL INDICATOR
Pulsatile mean flow can be measured accurately by the bolus-injection method as long as a mixing region is present between injection and sampling sites and no changes in stroke volume and rate occur during the period of inscription of the dilution curve. Equation 14 was used to measure pulsatile mean flow at four different flow rates in 2 cm I.D. tubing. The measurements were made on records of the type shown in panel A of figure 8 . The area under the temperature-time curve was computed by electronic integration. Panel B of figure 8 shows that the washout is described by a single exponential decay. The results of 80 measurements are summarized graphically in figure 9 (left panel) . The calculated flow rates agreed well with the collected flows and the scatter around the regression line was small. Eighty-five additional measurements of flow were made without a mixing region between injection and sampling sites, using equation 14 to calculated flow; the two sites were connected instead by 20 cm of straight 2 cm I.D. tubing. A typical record of such an experiment is shown in panel C of figure 8 . The results of the measurements at six different rates of flow are summarized in the right panel of figure 9 . It is immediately obvious that true flow cannot be measured with any accuracy under such conditions by the Stewart-Hamilton equation.
(g) EFFECT OF DISTANCE BETWEEN INJECTION AND SAMPLING SITES ON THE VALUE OF THE CALCULATED FLOW
When an indicator is infused at a constant rate into a pulsatile stream and there is a distance greater than 0.1 to 0.2 wavelength between injection and sampling sites, the concentration-time record will become markedly distorted and the flows calculated from such records will be in error. The type of distortion and phase-shift which result are illustrated in figure 10 . The general contour of the temperature-time record at 10 cm downstream from Relation between calculated and collected flow following bolus injection of indicator. Temperature-time records recorded at two different distances from injection site. Note distortion and phase-shift of record at distal sampling site. Accurate flow profiles could be obtained from temperature-time record 3 cm from injection site, but not from the more distally recorded curve.
Error in Calculated Flow
Small Pulsations
Intermediate Pulsations
Large Pulsations i { Variable-Flow Equation :5 E M i'-i Constant-Flow Equation :S.E.M • No Statistically Significant Difference from 0 FIGURE 11
Influence of distance between injection and sampling sites and of degree of pulsatility on measurements of flow by Variable and Constant Flow Equations. Note that flow is overestimated if distance between injection and sampling sites is greater than 0.2 but less than 1.0 wavelength. The more pulsatile the flow the more marked the overestimate.
Equation at all degrees of pulsation studied, but underestimated by the Constant Flow Equation.
As the distance increased between injection and sampling sites, flows were overestimated by both Constant and Variable Flow Equations. The overestimate was always somewhat larger for the Variable Flow Equation than for the Constant Flow Equation because the latter contains, in addition, the wrongmean error, which gives rise to an underestimate. At one wavelength the errors again became small. In the few cases in which flows were measured at distances greater than 1.2 wavelengths, the error once more increased.
It should be noted also that the difference between flow values calculated by Constant and Variable Flow Equations tended to diminish with increasing distance. This was due to the longitudinal-convective and diffusionalconductive mixing which occurs during the passage of fluid down the tube. Figure 11 shows that the overestimates of flow at a large fraction of a wavelength away from the injection site were very dependent on the degree of pulsatility in the stream, amounting to er-Circulalion Research, Vol. XVIII, January 1966 rors of +35 to 40% when the pulsations were large. When pulsations were maximal, good measurements of flow were not possible very close to the injection site (less than 0.1 wavelength), probably due to poor mixing of the indicator.
Ih) MEASUREMENTS OF INSTANTANEOUS RATE OF FLOW BY THE THERMAL DILUTION METHOD
When the thermal indicator was infused into 1 cm I.D. tubing with a kinetic energy high enough to produce mixing almost instantaneously, the record of the reciprocal of the temperature-time record close to the injection site gave a satisfactory representation of instantaneous flow. We replotted 10 pairs of randomly selected records of simultaneously recorded flow-time curves as obtained by an orifice flowmeter and the reciprocal of the temperature-time record. One of these pairs of replotted flow-time curves is shown in figure 12 (marked by an asterisk in figure 5 ). It can be seen that they correspond well. The mean flows per minute were 1706 and 1667 ml/min and corresponded favourably with the value for collected flow of 1606 ml/min. (Note: The collected flow given in figure 12 is higher than that in figure 5 because the collected flow in figure 12 included the infused indicator). All 10 randomly chosen pairs of flow-time curves showed satisfactory agreement.
Discussion
The two sources of error in the indicator dilution method which have been emphasized in this paper are the wrong-mean error and the distance-distortion error, both of which are important when flow is not constant. There are, of course, many other undefined sources of error. The work with the model served to give estimates of the absolute errors from all sources when the two errors mentioned above were minimized.
The most favourable conditions for the measurement of mean flow rates in the model were provided by continuous infusion of indicator and by a mixing chamber between injec-tion and sampling sites. Under these conditions we found a correlation coefficient between calculated and collected flow of 0.998. For flows between 2,890 and 7,280 ml/min, the coefficient of variation amounted to only ±2.4%. This is a very much smaller error than has been demonstrated in comparative measurements by two different indirect methods, and shows that under the right conditions, indicator dilution methods, by steady infusion, can be remarkably accurate. Under physiological conditions the recording of the reciprocal of concentration has the added advantage of recording reliably and continuously even small changes of flow, as for instance, those associated with the respiratory cycle. The underestimates of mean flow rates that would result from use of the Constant the sampled concentration, is the Constant Flow Equation significantly in error. Unfortunately the pump available could not be made to change its output during the measurements, and since the pulsatile changes of sampled indicator concentration beyond the mixing chamber were attenuated, the discrepancy between results by the Constant and the Variable Flow Equation was not significant in these particular experiments. However, results of experiments on dogs, not included in this paper, with injection into the left ventricle and sampling in the aorta, allowed continuous measurements of large changes in output produced by physiological and pharmacological manoeuvres. When this was done, the mean flow rates calculated by the two equations differed in just the way predicted, i.e., underestimates by the Constant Flow Equation, increasing in magnitude with increasing changes in blood flow. Experiments in the model with steady infusions of indicator into pulsatile streams showed the advantages of the Variable Flow Equation convincingly. We would advocate that for the method of steady infusion, computers for measurements of cardiac output should incorporate the use of the reciprocal of indicator concentration, so the danger of the wrong-mean error is removed. Guyton, in his computer for cardiac output/' with O 2 as the indicator, has already done this. We prefer the thermal indicator because it is possible to measure changes intravascularly by thermistors or thermocouples with fast response characteristics.
For the method of rapid or bolus injection, our modification of the equations has nothing to offer. It would introduce an unpredictable error since in the dilution curve there is no basic relation between the concentration and the blood flow at any one time. Only if the washout part of the dilution curve from a mixing chamber is exponential, indicating that the stroke volume and rate were constant, can one have confidence that the result based on the Constant Flow Equation is reliable. When this criterion was satisfied, we found a correlation coefficient of 0.97 and a coefficient of Circulation Research, Vol. XVIII, January variation of ±4.9%. Without a mixing chamber the results were not good (r = 0.89 and coefficient of variation of ±15.5%).
With dye as the indicator substance, there are, of course, good reasons for preferring the bolus injections to the steady injection method, because in the latter, serious accumulation of dye in the circulation would result. This objection does not apply to the same extent when thermal indicators are used, because the thermo-regulating mechanisms of the body restore the blood temperature to normal in a few minutes. The steady infusion method with thermal indicator could be repeated at short intervals in human subjects.
Without an intervening mixing chamber, the success of the Variable Flow Equation in giving accurate measurements of mean pulsatile flow is limited by the need, on the one hand, of sampling close to the injection site to minimize the distance-distortion error, and on the other hand, of sampling far enough away for good mixing to have occurred. In our experiments on the model, a satisfactory compromise was achieved only by injection rates which were energetic enough to cause hemolysis. When these rapid injection rates were used, the correlation coefficient with the true flow was 0.96, and the coefficient of variation was ±11.6%. It may be, however, that in the aorta, the presence of some turbulence in systole, and the flattening of the velocity profile because of acceleration, might produce good mixing with rates of injection that were not hemolytic.
If the diastolic flow approaches zero, one cannot expect that the mixing close to the injection site would be satisfactory. The indicator is also not moved away from the injecttion site and past the sampling site. However, the error is not as great as might be expected, because the high concentrations associated with low flow rates result in very small values for the reciprocal of concentration, and these low values contribute relatively little to the mean value of the reciprocal over a cycle. Thus an error in these low values of the reciprocal will produce little error in the calculated flow. In addition, of course, the volume flow of the steady injection insures that the total flow (stream plus injectate) never reaches zero. The analog computer cannot compute accurately the reciprocals for very low inputs. Therefore, there are limiting factors in the application of the reciprocal method when there are extreme fluctuations in flow.
It is concluded that modification of the conventional equations by the Variable Flow Equation, with its use of the reciprocal of concentration, broadens the application of those indicator dilution methods, that use continuous infusion, to the case of variable flow, in which the conventional calculation can lead to considerable error. The best conditions for the calculations of mean flow rates by the modified method include a mixing chamber, the mean transit time of which is short compared to the period of fluctuation of flow. In the model experiments, and possibly in the aorta of living animals, use of sampling sites close to the injection site, without an intervening mixing chamber, may in certain conditions allow useful measurements of instantaneous flow in the cardiac cycle as well as of mean flow rate.
Summary
It has been recognized that the indicator dilution method with the conventional calculations is completely valid only if flow is constant. The theory has been examined to determine how validity might be extended to cases of pulsatile flow or to flow in nonsteady physiological states. Where the method of constant infusion, but not of bolus injection is used, and sampling is possible with adequate mixing close to the injection site, valid calculations for nonsteady flow are possible by a Variable Flow Equation based on the mean of the reciprocal of the instantaneous sampled concentration (1/C), instead of the reciprocal of the mean concentration, (1/C), which is used in the conventional Constant Flow Equation. The latter always leads to underestimates of true flow, of increasing magnitude as the degree of fluctuation of flow increases.
The theoretical predictions, and the possibilities of approximating the ideal conditions, were verified on a model system of a pulsatile pump and tubing imitating arterial flow. Thermal indicator was used (thermistors in the stream) with steady infusions of cold fluid, and absolute errors were measured since actual flow was known by collection of effluent. An analog computer gave the reciprocal of indicator dilution ( 1 / A T ) at the sampling site and its integral. Theory and the experimental results showed that there was a distance-distortion error in the shape of the calculated velocity curve and in its integral (the true flow), as the sampling site was moved away from the injection site. This error is always an overestimate of flow. It was found that very accurate estimates (r = 0.96; mean error -1.96%) were possible if the sampling site were 0.1 to 0.2 wavelength from the injection site. A wavelength is defined as the distance down the tube a particle of indicator travelled in one cycle of flow fluctuation. This is of the order of 2 to 3 cm for cardiac pulsation, much longer for slower fluctuations (e.g., respiratory and other physiological variations). A good approximation of the true flow-time curve, obtained by an orifice flowmeter, was achieved at these distances.
Adequate mixing at these short distances was obtained only by using very high velocities of injection. A mixing chamber, between injection and sampling sites (of the required characteristics that are outlined in the paper), removes this difficulty and gave very high correlation between calculated and true flow (r = 0.998).
The Variable Flow Equation has no application to the bolus-injection method, which is in error if the flow varies during the inscription of the indicator dilution curve. It is concluded that the method of constant infusion, particularly with thermal indicator, offers great advantages for the reliable measurement of variable flow, by the suggested equations, in man and animals. Graphical transformation of a concentration-time record as obtained in the immediate downstream vicinity of injection site to one that would be recorded at a distance of 0.5 wavelength from injection site. Note distortion that results. Overestimate of mean velocity results from excess area (shaded area -unshaded area) between 2 curves as shown in 13 F.
2. The injection is made into a long cylindrical tube of uniform diameter.
3. The tube is rigid (nondistensible), so that the velocity of flow down the tube, at any given instant, must be the same at all points in the tube.
4. The mixing is instantaneous across a section of the tube at the injection site.
5. The velocity of flow is uniform across the tube, i.e., plug flow, so that longitudinal mixing is negligible. Mixing by diffusion is also assumed to be negligible. Assume a velocity-time curve as shown in figure  13B . This curve, by assumption 3 above, will apply to all points down the tube. Under such conditions the concentration, C t , at a sampling site very close to Circulation Research, Vol. XV111, January 1966 the injection site is given by
where v t is the velocity of flow at that instant t and A is the cross-sectional area of the nondistensible tube. A velocity-time curve like the one in figure 13B gives us the concentration-time curve very close to the injection site shown in figure 13A . The problem is to deduce what concentration-time curves will look like at a sampling site farther down the tube. To do this we consider the spatial pattern of concentration that will result down the tube. Obviously, during a period of low velocity, e.g., diastole, a region of high concentration, occupying a relatively short length of tube will be created. In contrast, during a period of high flow, e.g., systole, a region of low concentration, occupying a relatively long section of tube, will result. A pattern such as shown below figure 13D will result. This whole pattern will move down the tube, intact, with the varying pulsatile velocity of figure  13B . The pattern will be repeated every wavelength, X, i.e., at every distance equal to that travelled by the fluid and indicator in one period of the pulsation.
The wavelength is given by: rT \=l v, dt .=/ ",,
where T is the duration of one period of the cycle. Obviously a sampling site at exactly one wavelength down the tube would give a concentration-time curve identical to that close to the injection site, i.e., that of figure 13A . Demonstration of distortions in velocity-time curves at different sampling sites for the hypothetical concentration-time curve shown in figure 13A . Note that error in measurement of mean flow increases to a maximum at 0.75 wavelength.
% Error
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The distance travelled in any time, t, after the start of systole is given by
i.e., by the area under the curve of figure 13B up to that time. The value of this integral is given by figure  13C . This graph, along with figure 13A, allows us to calculate the pattern of concentration down the tube. For example, from figure 13A the concentration at the injection site would have fallen to 0.3 mg% at 0.1 sec after the onset of systole. Fluid having this concentration will travel for another 0.9 sec in the remainder of the cardiac cycle. From panel C we can determine the distance an indicator particle will travel in the last 0.9 sec of a cycle: it is 1.0 to 0.07 = 0.93 wavelength. Thus the segment of fluid with an indicator concentration of 0.3 mg%, leaving the injection site 0.1 sec after the onset of systole, would reach a point 0.93 wavelength downstream from the injection site at the end of one cycle; the necessary transformations for 11 other points were made and then plotted in the concentration-distance function in figure 13D . Below this graph is shown how the indicator would be distributed in the tube over a distance of one wavelength at the end of one flow cycle, i.e., at time t = 1.0 sec. Using graphs 13C and D we can now proceed to construct the concentration-time curve as it would be recorded at any sampling site. If the indicator is added at a constant rate and we started to sample at 0.5 wavelength at time t= 1.0, the detector at that site would register a concentration of 0.25 mg%. The indicator upstream from the sampling site will reach the sampling site at 0.5 wavelength after the beginning of the next cycle. In the first 0.1 sec of rapid flow, the fluid will move 0.07 wavelength ( fig. 13C ). At 0.07 wavelength upstream from the 0.5 wavelength sampling site, the concentration is 0.27 mg% ( fig.  13D) ; therefore, at 0.1 sec the concentration at the 0.5 wavelength sampling site will be 0.27 mg%. By proceeding in the same manner for the rest of the cycle, a concentration-time curve for the sampling site at 0.5 wavelength may be constructed (fig. 13E) .
The velocity-time curve ( fig. 13F ) which would be calculated from such a concentration-time curve on the basis of equation 16 was constructed from the reciprocal of concentration ( fig. 13F ). It is distorted as predicted, and indicates a higher mean velocity than that recorded close to the injection site. Mean flow calculated from such a record, therefore, will also be too large. Integration of the area under the velocity curve shown in figure 13F gave a 20% overestimate for the cumulative flow. Similar analyses were made for distances of 0.1, 0.25 and 0.75 wavelengths. The results are shown in figure 14 . It is seen Circulation Research, Vol. Will, January 1966 that the velocity profiles are always distorted when computed from concentration-time records obtained at a sampling site distant from the injection site. The error is always in the direction of an overestimate, reaching a maximum at approximately 0.5 to 0.75 wavelength from the injection site and returning to zero at one wavelength. The distance giving the maximum error depends on the form of the concentration-time curve.
It is possible of course to make these calculations from any suitable mathematical function which would describe the velocity-time variations (as in figure  13B ) and obtain a mathematical solution. However, even for so simple a function as the triangular one of figure 13B , the necessity for changing the form of the equation for different parts of the cycle makes the subsequent integrations and transformations for a distant sampling site quite cumbersome. On the other hand, the only simple, truly periodic functions, such as the sine or cosine curve that lend themselves to integration, are too far from the form of physiological pulsations to be applicable. The final result, in purely mathematical terms, would not be very useful. The empirical, step-by-step analysis used above seems much better and could be applied to any desired velocity-time or concentration-time records.
